We develop and evaluate procedures for estimating and simulating nonhomogeneous Poisson processes (NHPPs) having an exponential rate function, where the exponent may include a polynomial component or some trigonometric components or both. Maximum likelihood estimates of the unknown continuous parameters of the rate function are obtained numerically, and the degree of the polynomial rate component is determined by a likelihood ratio test. The experimental performance evaluation for this estimation procedure involves applying the procedure to 100 independent replications of nine selected point processes that possess up to four trigonometric rate components together with a polynomial rate component whose degree ranges from zero to three. On each replication of each process, the fitting procedure is applied to estimate the parameters of the process; and then the corresponding estimates of the rate and mean-value functions are computed over the observation interval. Evaluation of the fitting procedure is based on plotted tolerance bands for the rate and mean-value functions together with summary statistics for the maximum and average absolute estimation errors in these functions over the observation interval. The experimental results provide substantial evidence of the numerical stability and usefulness of the fitting procedure in simulation applications.
INTRODUCTION
In many simulation studies, we encounter time series of events having long-term trends or multiply periodic behavior. For example in analyzing the arrival streams of liver-transplant donors and patients for the UNOS Liver Allocation Model (Pritsker et al. 1995) , we found some arrival rates to exhibit significant growth over time as well as daily, semiweekly, weekly, and annual effects-that is, cyclic patterns of behavior with periods of 1, 3.5, 7, and 365 days, respectively. In this paper we propose methods for estimating and simulating such arrival processes.
The scope of this paper encompasses three main objectives. The first objective is to introduce a timedependent arrival-process model that is sufficiently flexible to represent a wide variety of input processes arising in large-scale simulation experiments. In particular, we seek an model that accommodates both long-term trends and multiply periodic behavior. The second objective is to formulate and implement a methodology for using our input model in simulation experiments. More specifically, we formulate and implement methods for estimating model parameters from time series data and for simulating the arrival process corresponding to a given set of model parameters. The third objective is to carry out and summarize a systematic experimental performance evalThe proposed time-dependent arrival process is a nonhomogeneous Poisson process (NHPP) with an -Exponential-Polynomial-Trigonometric (EPT) rate function having Multiple Eeriodicities-that is, a rate function of the class we shall label EPTMP. Using an exponential rate function is a convenient means of ensuring that the instantaneous arrival rate is always positive. If the arrival rate includes a long-term evolutionary trend, then this trend is naturally repuation of our estimation and simulation procedures.
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resented in the exponent of the rate function by a polynomial component of appropriate degree. Finally if the arrival rate includes some periodic effects, then each periodic effect is naturally represented in the exponent of the rate function by a trigonometric component with the appropriate oscillation frequency, oscillation amplitude, and phase delay.
In Section 2 of this paper we describe the formulation and implementation of our procedures for (U) estimating the parameters of an NHPP with an EPTMP-type rate function, and ( b ) simulating the arrival process represented by such a model. Maximum likelihood estimates of the continuous model parameters are computed by a Newton-Raphson search. The simulation procedure generates event times according to the specified EPTMP-type rate function by the method of piecewise inversion. This simulation procedure facilitates the application of standard variance reduction techniques (e.g., common random numbers and antithetic variates). Both the estimation and simulation procedures are implemented in portable, public-domain computer programs that are available on request.
In Section 3 of this paper we present the experimental performance evaluation of the proposed procedures for estimating and simulating NHPPs with EPTMP-type rate functions. To study the properties of the estimation procedure for many types of time-dependent arrival behavior encountered in practice, we present the results of applying the estimation procedure to 100 independent replications of nine selected Poisson processes. In terms of a time unit of one year, the performance evaluation includes NHPPs with up to four periodic rate components representing biennial, annual, semiannual, and quarterly effects; moreover the study includes NHPPs with rate components representing trends over time that are constant, linear, quadratic, and cubic, respectively. The performance evaluation is based on visual inspection of tolerance bands for the rate and mean-value functions as well as summary statistics for the maximum and average absolute errors in these functions over the observation interval.
In Section 4 of this paper we recapitulate our main findings and recommend directions for future work. Most of this paper is based on Kuhl (1994) . In many simulation applications, the frequencies are known from prior information; however, there is a large class of applications for which such prior information is either unavailable or incomplete. To develop a completely general technique for modeling and simulating an NHPP with an EPT-type rate function, (that is, a rate function of the form (1) in which p = l), Lee, Wilson, and Crawford (1991) assumed that the oscillation frequency is unknown and must be estimated along with all of the other parameters of the rate function. To further generalize this estimation procedure to include multiple cyclic effects, we assume that the frequencies, amplitudes, and phases in the EPTMP-type rate function (1) are unknown. In the case that the frequencies are known, the w-components (that is, the last p components) of the vector 0 can be dropped before applying the parameter estimation technique.
METHODS FOR ESTIMATING
Suppose a sequence of n events are observed at the epochs tl < t z < ... < tn in a fixed time interval (0, SI as a realization of an NHPP with a rate function of the form (1). The log-likelihood function of where = E,"=, tf for i = 0 , 1 , . . . , m; see Cox and Lewis (1966) . Following the procedure of Lee, Wilson, and Crawford (1991) , we see that the elements of 0 can be determined by conditioning the estimation of 0 on a fixed value of m and solving the system of likelihood equations given in Appendix A of Kuhl (1994) 
for t E (0, SI; and the log-likelihood function is
where n is the number of arrivals in ( 0 , q .
A key hypothesis of our approach is that we can obtain good initial estimates of the parameters of the EPTMP-type rate function by estimating the parameters of each periodic component independently. The basis for this approach is the following approximation, (5) Kuhl (1994) provides a heuristic justification for ( 5 ) .
As shown in Kuhl (1994) , each factor on the righthand side of (5) can be written as
. . , p , where I j ( . ) is a modified Bessel function of the first kind of order j for j = 0 , l (Abramowitz and Stegun 1965) . We combine (5) and (6) and insert the result into the formula (4) for the log-likelihood function; moreover in (4) we use the familiar addition formula sin(wktj + 4k) = sin(4k) cos(wktj) + cos(4k) sin (wktj) to obtain the following approximation to the loglikelihood function,
where, for k = 1 , 2 , . . . , p , and
To obtain initial estimates for the parameters, we calculate the following partial derivatives of the approximate log-likelihood function (7) with respect to each parameter and set the partial derivatives equal to zero. Thus we obtain Nonhomogeneous Poisson Processes 377 a n d f o r k = 1 , 2 , . . . , p , wehave and Starting from equations (lo)- ( 12) and applying arguments similar to those given in Lee, Wilson, and Crawford (1991) for each periodic rate component separately, we obtain the following initial estimates for the phase and amplitude of each periodic component:
and for k = 1 , 2 , . . . , p , where n k is the number of events in the time interval and LzJ represents the greatest integer 5 z for all real z. Notice that in equation (14), the respective definitions (8) and (9) for A ( w~) and B ( w~) are modified slightly so that the upper limit n on these summations is replaced by n k . Moreover, notice in (13) and (14) that the initial estimates of the amplitude and phase for each periodic rate component depend only on the initial estimate of the frequency for that component.
Computing Initial Values for Polynomial Coefficients
To determine initial values for the coefficients
. . , m} of the polynomial rate component, we use a generalized version of the moment matching procedure presented by Lee, Wilson, and Crawford (1991 (17) is solved to obtain initial estimates for the polynomial coefficients { c j }.
In the next step, the first m + 
Computing Final Parameter Estimates
The final parameter estimates for a specified degree m of the polynomial trend are determined using the Newton-Raphson method. Let 6, denote the final estimate of 0 yielded by the Newton-Raphson method for a fixed degree m of the polynomial rate component. To determine the appropriate degree of the polynomial to include in the rate function (l), we will use an extension of the likelihood ratio test proposed by Lee, Wilson, and Crawford (1991) . This statistical test has the null hypothesis that m is the true degree of the underlying EPTMP-type rate function. Under the null hypothesis, the test statistic is asymptotically chi-square with one degree of freedom as S (and consequently n ) tend to infinity; and we exploit (20) to assess the importance of successive increments of the likelihood function a s the degree of the estimated trend component is repeatedly incremented by one. The degree of the fitted EPTMP-type rate function is determined to be the smallest value of m for which the difference (20) is not significant at a prespeciffied level of significance. The corresponding vector 0, provides the final parameter estimates for the underlying NHPP. To estimate the parameters of an NHPP having an EPTMP-type rate function based on an observed series of event times using the method detailed in this section, we developed the public-domain software package mp3mle. The structure and operation of mp3mle are detailed in Kuhl (1994) .
Simulating NHPPs
Once a rate function is estimated for the NHPP, the public-domain computer program mp3sim can be used to simulate independent replications of the process. The structure and operation of mp3sim are discussed in Kuhl (1994) . This program simulates an NHPP with an EPTMP-type rate function over the interval (0, s] using the method of piecewise inversion.
With the conventional method of inversion (Bratley, Fox, and Schrage 1987) otherwise.
Thus to sample ra+l by inversion given ri = ti, we generate a random number Ui+l from the uniform distribution on the unit interval ( 0 , l ) and we compute This amounts to solving for ri+l in the equation
L ; + I
The value of ri+1 can be determined using a search procedure over the interval (ti, S ) .
The method of piecewise inversion uses a regularly spaced partition of preevaluated points on the meanvalue function to identify rapidly the regular subinterval containing the next event. A modified bisection search is used to estimate the time of the next event with sufficient accuracy so that either ( U ) The absolute difference between the exact and estimated times of the next event is less than a user-specified tolerance; or ( b ) When compared to the target value of the meanvalue function at the exact time of the next event, the mean-value function at the estimated time of the next event has a relative error less than a user-specified tolerance.
Linear interpolation is used on the first six iterations of the modified bisection search to accelerate the estimation of the next event time. Because the piecewise inversion algorithm always starts from the beginning of a regular subinterval to estimate the next event time, errors incurred in estimating the current or previous event times are not propagated to the next event time. Table 1 . The frequencies used in the experimentation are expressed in radians per unit time such that w1 = 2 n , w2 = 4n, wg = 8n, and w4 = n radians per unit time. If the time period is expressed as one year, then these frequencies represent annual, semiannual, quarterly, and biennial effects, respectively.
EXPERIMENTATION

Generation of Experimental Data
Realizations of the selected NHPPs were generated over the interval (0, s] using the programmp3sim. For each case, Ii = 100 independent replications were simulated over the interval (0,121. On each replication, an EPTMP-type rate function was fitted to the observed series of event times. For all of the applications of the estimation procedure, the initial estimates of the frequencies were set equal to the actual frequencies with which the events were generated. In contrast to the experimentation presented by Johnson, Lee, and Wilson (1994) which treated the oscillation frequency as a known parameter, we are assuming the oscillation frequencies are unknown parameters that mp3mle must estimate. Estimating the frequencies is fundamentally more difficult than assuming the frequencies are known, and the selected cases 1-9 constitute a more stringent test of the capabilities of the estimation procedure. A significance level of 10% was used for the likelihood ratio test ( 2 0 ) in each case; and the maximum degree of the fitted polynomial was set to four on every application of mp3mle.
Formulation of Performance Measures
To evaluate the performance of mpsmle, we used both visual-subjective and numerical goodness-of-fit criteria. The numerical performance measures were first formulated and used by Johnson, Lee, and Wilson (1994) 
P ( t ) is
and the corresponding maximum deviation is for k = 1 , . . . , Ii. Johnson, Lee, and Wilson (1994) developed aggregate performance measures based on (22)-(25) that are computed over all replications of a given experiment. The sample mean of the observations {Sk: : k = 1, . . . , E ( } is denoted by s; and the corresponding sample coefficient of variation v 6 is given by
The statistics 6 and &* are computed similarly from the observations (6; : k = 1, . . . , K } . Following Johnson, Lee, and Wilson (1994) , we also report since normalizing by the theoretical average arrival rate over (0, s] facilitates comparison of results for different rate functions. (26)- (27) are also reported for the errors {Ak} and {Ai} incurred in estimating the mean-value function.
In particular, when Ak (respectively, a;) replaces 61, in the formulas for s and v 6 , we obtain the definitions of 'zi-and VA (respectively, a* and VA*). Moreover, the analogues of &a and &6* are
where the overall average error estimates a and a.
are expressed as percentages of the average level of the mean-value function over the observation interval (0, SI. We remark that the definitions for &a and &A* given here differ from the definitions for these quantities used in Johnson, Lee, and Wilson (1994) , where h and P were expressed as percentages of the average level of the rate function. In addition to numerical performance measures, graphical methods are used to provide a visual means of determining the quality of the estimates. For each case, the underlying theoretical rate (respectively, mean-value) function is graphed along with a tolerance band for the estimated rate (respectively, meanvalue) function. The approximate tolerance band was obtained as follows for the rate function X ( t ) . 
Presentation of Results
The statistical results on the estimation of X ( t ) and p ( t ) for each experimental case are shown in Table   2 . Figures 1 and 2 are respectively the graphs of A complete set of figures for all cases is given in Kuhl (1994). 
Analysis of Results
The numerical results in Table 2 seem to be reasonable values for the selected measures of performance. To evaluate the estimation procedure in general, the normalized statistics can be used. All of the values of these normalized statistics are within the ranges of values presented by Johnson, Lee, and Wilson (1994) for the case of one periodic component. However, some subtle trends do exist in the values of the normalized statistics for these experimental cases. The statistics Q6 and Q p increase slightly as the number of periodic components p increases. Also, Q p tends to increase as the degree m of the true underlying polynomial trend component increases. The normalized statistics &* and &** for evaluating the estimate of the mean-value function also increase slightly as m increases, and these values are stable as p increases. In addition, the normalized error measures for Cases 7, 8, and 9 (which have PTMP-type rate functions of the form (21)) are generally higher than the corresponding measures for Cases 1, 5, 6 (which have EPTMP-type rate functions with the same values of m and p , respectively). Thus, the PTMPtype rate functions are more difficult to fit than the EPTMP-type rat,e functions.
Plots of the 90% tolerance bands about the rate function indicate that mp3mle is consistently able to fit a reasonable EPTMP-type rate function to the data. However, the plots seem to have the widest tolerance band at the peaks of the rate function. In addition, the plots of the rate function show that the accuracy of the estimation procedure decreases as the number of periodic components increases. This may be due to the key approximation (5), which in general becomes less accurate as p increases. Such a breakdown of (5) may degrade the accuracy of the initial parameter estimates. Thus, the Newton-Raphson procedure may yield a suboptimal solution estimate of the parameter vector 0 .
The plots of the rate functions also indicate that the estimation procedure has more difficulty fitting an EPTMP-type rate function to the underlying PTMPtype rate functions in cases 7, 8, and 9. In particular, the peaks and valleys of the rate function exhibit wide tolerance bands for the fitted rate function. Paralleling the explanation given by Johnson, Lee and Wilson (1994) , the major cause of this "ballooning" of the tolerance bands is the symmetrical behavior of the underlying PTMP-type rate function about the polynomial trend, compared to the asymmetric behavior of the fitted EPTMP-type rate function about the corresponding exponential-polynomial function. The error caused by this asymmetric behavior is compounded with the addition of more periodic components. However, the numerical measures and plots do show that an EPTMP-type rate function can be used to approximate reasonably an NHPP with an underlying PTMP-type rate function.
From the plots of tolerance bands for the mean value functions, one can see that each tolerance interval grows steadily over time in each case. This behavior is expected. Since the error is cumulative, the estimation error increases as the mean-value function increases.
CONCLUSIONS AND RECOMMENDATIONS
The main contributions of this work are summarized as follows.
We have introduced an EPTMP-type rate function, which is sufficiently flexible to model a wide variety of input processes that arise in large-scale simulation experiments.
We have formulated methodologies for estimating parameters of an NHPP with a EPTMP-type rate function and for simulating such a process. Our procedure for obtaining the initial parameter estimates can effectively handle up to four periodic rate components, yielding starting values that are close to the maximum likelihood estimates obtained by the Newton-Raphson method while requiring substantially less computer time than the Newton-Raphson method.
0 In building the UNOS Liver Allocation Model, Pritsker et al. (1995) successfully applied mp3mle and mp3sim to the liver-donor arrival streams at 64 organ procurement organizations and to the liver-patient arrival streams at 11 1 transplant centers in the United States.
0 The estimation procedure and the simulation procedure are implemented in portable, numerically robust software packages which are in the public domain and are available on request.
There are several directions in which this research should be extended. 0 The main enhancement to the estimation procedure should be to automate the spectral analysis required to obtain the initial estimates of the frequencies {wk : t = 1 , 2 , . . . , p } . 0 The program mp3mle should be enhanced to handle more than four periodic rate components and to compute and print the standard errors for each element of 0,.
-
